Deterministic creation of a four-qubit W state using one- and two-qubit
  gates by Diker, Firat & Yesilyurt, Can
Deterministic creation of a four-qubit W state using one- and
two-qubit gates
Firat Diker1 and Can Yesilyurt2
1Faculty of Engineering and Natural Sciences,
Sabanci University, 34956, Istanbul, Turkey
2Department of Electrical and Computer Engineering,
National University of Singapore, 117583, Singapore, Singapore
(Dated: March 23, 2018)
Abstract
We propose an optical scheme to build an entangled network composed of W state based on
polarization encoded qubits (photons). This new setup consists of 2 cNOT gates, 4 V gates, 2
Hadamard gates and basic optical tools such as polarizing beamsplitters (PBSs) and path couplers
(PCs). V gate is a specially-designed tool acting as a two-qubit gate which is composed of a cNOT
gate, 3 PBSs and a PC. By using this gate, one benefits from the temporarily generated optical
degree of freedom, which is the spatial mode of a photon in the proposed scheme. Using an extra
degree of freedom allows us to perform more capable processing for W -state creation protocols.
We use four photons as input, which means we do not need entanglement as a resource. Also, we
show that the proposed scheme can be implemented by operating the quantum optical gates which
can be realized via current photonics technology.
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I. INTRODUCTION
The property of entanglement of quantum states has attracted many researchers around
the globe since the famous EPR paper [1]. Fundamental quantum features of this property
have been studied [2]. There have been proposals for certain information tasks including the
creation, manipulation and quantification of bipartite entanglement [2, 3]. An understanding
of multipartite entanglement may allow us to improve schemes which are specialized for
certain tasks because some quantum information tasks require sophisticated quantum states.
For example, GHZ states are used to achieve consensus in distributed networks [4], and W
states are required for the optimal universal quantum cloning machine [5]. Experimental and
theoretical works have shown that Cluster and GHZ states can be created or expanded [6].
Since W states have more complicated structures, their creation is more challenging, and an
efficient scheme has not yet been experimentally demonstrated. Optical setups have been
proposed to fuse two W states or to expand a W state with ancillary photons [7, 8]. It has
been shown that by integrating a Fredkin gate to the setup in [8] the success probability of
the fusion process and the size of the resultant W state can be increased [9]. In the optical
setups including the basic fusion gate, multiple W states can be fused simultaneously [10, 11].
All these schemes work probabilistically, increasing the resource cost with respect to the size
of final state. There are also deterministic schemes for preparing W states by using creation
and expansion methods [12, 13, 14]. The deterministic creation scheme has been proposed
by Yesilyurt et al. [12], in which four photons are sent into the circuit which consists of 5
cNOT gates and a Toffoli gate, giving a four-qubit W state in the end. This strategy is a
sophisticated one since a three-qubit gate is required to implement the circuit. We simply
discard this requirement by showing the creation can be achieved with only cNOT gates.
An extensive creation scheme has been introduced for deterministic generation of a W state
with an arbitrary size [13]. This setup requires eight cNOT s to obtain a four-qubit W
state whereas the current scheme needs only six cNOT s. Another approach is deterministic
expansion scheme, doubling the size of the initial W state [14].
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II. THE W-STATE CREATION SCHEME
In this work, we propose an optical setup to create a W state of four qubits based
on the polarization property of photons. Unlike previous schemes, this method uses four
non-entangled photons as resources and obtains the desired state with a unit probability.
Previous optical fusion schemes use the W states of smaller sizes as resources to start the
process [8, 9, 10]. Creating a W state deterministically also makes it more advantageous
for other fusion schemes to create large-scale W states because they can start fusion with
four-qubit W states directly, reducing the resource cost. Since the proposed operation is de-
terministic, no photon is observed, meaning no photon will be lost. The basic elements used
in this scheme are polarizing beamsplitters (PBSs), path couplers (PCs) and Hadamard
gates. We use 2 cNOT gates and 4 V gates, which are composed of PBSs, PC and a
cNOT gate. The operation of a cNOT gate is to rotate the target qubit’s polarization by 90
degrees if the control qubit is vertical polarized (V -polarized). The other element fulfilling
the nonunitary transformation is called V gate. This is a two-qubit gate acting only when
both input photons are V -polarized and changing the polarization of the target qubit by
90 degrees. Fig. 1 shows the action of each element with creation operators, aij+, bij+
and cij+ where i is the spatial mode and j is polarization. Non-occupied modes are vacuum
states denoted by zero, and when at least one of the input modes is not occupied, the cNOT
gate does not act on the input state,
cNOT |H(V ), 0〉 = η |H(V ), 0〉 , (1)
cNOT |0, H(V )〉 = η |0, H(V )〉 (2)
where η is a complex amplitude rescaling relative to the non-vacuum case, which is 1 for
brevity as proposed by Pittman et al. [15, 16]. We divide the non-unitary transformation of
the V gate into three sub-operations corresponding to the transformations of the first two
PBSs, the cNOT gate, and the combined operation of the PC and the last PBS:
V = V3V2V1 (3)
such that
V(a+1Ha
+
2H |0000〉) = V3V2V1(a+1Ha+2H |0000〉)
= V3V2(b+1Hb
+
2H |0000〉) = V3(b+1Hb+2H |0000〉)
= (c+1Hc
+
2H |0000〉) = |HH00〉 ,
(4)
3
V(a+1Ha
+
2V |0000〉) = V3V2V1(a+1Ha+2V |0000〉)
= V3V2(b+1Hb
+
4V |0000〉) = V3(b+1Hb+4V |0000〉)
= (c+1Hc
+
2V |0000〉) = |HV 00〉 ,
(5)
V(a+1V a
+
2H |0000〉) = V3V2V1(a+1V a+2H |0000〉)
= V3V2(b+3V b
+
2H |0000〉) = V3(b+3V b+2H |0000〉)
= (c+1V c
+
2H |0000〉) = |V H00〉 ,
(6)
and
V(a+1V a
+
2V |0000〉) = V3V2V1(a+1V a+2V |0000〉)
= V3V2(b+3V b
+
4V |0000〉) = V3(b+3V b+4H |0000〉)
= (c+1V c
+
2H |0000〉) = |V H00〉 .
(7)
To note, PC combines a polarization-based photonic state with a vacuum state for each input
by erasing the mode degeneracy. This tool has been recently used in the fusion scheme of
W states with Kerr nonlinearities [17]. As can be seen, the V gate changes the polarization
of the target qubit from vertical to horizontal only when both photons are V -polarized.
Therefore, this is a non-unitary transformation.
Firstly, we create W -type Bell states by using two Hadamard gates and two cNOT gates
as seen in Fig. 2. The tensor product of these two states is as follows:
|B1〉 ⊗ |B2〉 = 1√4
( |HVHV 〉+ |HV V H〉+ |V HHV 〉+ |V HV H〉 ), (8)
and we define the whole process of V gates by U such that
U |B1〉 ⊗ |B2〉 = 1√4
( |HHHV 〉+ |HHVH〉+ |HVHH〉+ |V HHH〉 ), (9)
which is a four-qubit W state. The operator U can be decomposed into four sub-operators:
U = V31V23V14V42 (10)
with subindices showing the modes of the target and the control qubits, respectively. In the
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following, each step is shown explicitly:
V31V23V14V42[ 1√4
( |HVHV 〉+ |HV V H〉+ |V HHV 〉+ |V HV H〉 )]
= V31V23V14[ 1√4
( |HHHV 〉+ |HV V H〉+ |V HHV 〉+ |V HV H〉 )]
= V31V23[ 1√4
( |HHHV 〉+ |HV V H〉+ |V HHH〉+ |V HV H〉 )]
= V31[ 1√4
( |HHHV 〉+ |HVHH〉+ |V HHH〉+ |V HV H〉 )]
= 1√
4
( |HHHV 〉+ |HVHH〉+ |V HHH〉+ |HHVH〉 ).
(11)
The schematic depiction of the creation process can be seen in Figure 3.
III. THE REALIZATION OF THE CIRCUIT AND CONCLUSION
This newly proposed setup creates a W state of four qubits deterministically in contrast
to the previous fusion schemes (not considering application probabilities of the gates). The
basic fusion gate [8], which is composed of basic linear optical tools, is used to create a W
state of any size. Even though the construction of the fusion scheme is inexpensive, a W state
of four qubits is created with a probability of 4/9. The Fredkin gate is integrated into the
basic fusion gate, increasing the probability of a four-qubit W -state creation to 2/3 [9]. Yet
this scheme is still probabilistic, and moreover, the application probability of a linear optical
Fredkin gate is very low, in the order of 10−3 [18]. The schemes fusing three and four W
states have also been proposed in the literature [10, 11]. It has been shown that four W -type
Bell states can be fused to create a four-qubit W state with a probability of 1/4, by using
three cNOT s and one Toffoli gate [10]. Although there are feasible proposals to implement
a cNOT gate, a linear optical Toffoli gate is implemented with a probability of 1/32 [19],
which means this fusion process is not very feasible with current photonics technology. In
the scheme for fusion of three W states, two Bell states and a three-qubit W state can
be used as resources to create a four-qubit W state with a probability of 1/3 [11]. In this
scheme, a Fredkin gate is required together with two basic fusion gates, therefore lowering
the success probability as in the previous scheme. Furthermore, the common requirement
of the previously introduced schemes is that entangled states are needed as resource. The
only deterministic scheme which does not require entangled photonic states as in our case is
composed of 5 cNOT s and a Toffoli gate [12]. Since we need 6 cNOT gates in the current
scheme, we discard the requirement of a Toffoli gate, leading to a more applicable circuit.
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Even though we call the proposed scheme deterministic, this is because we do not take
into account the application probabilities of the gates. To build a preferable circuit, one also
needs to consider the realization of the cNOT gate. The cNOT gate can be implemented
with the probability of 1/9 via linear optics [20]. This leads to a very small implementation
probability in the order of 10−6. Moreover, the effect of photon loss (amplitude damping
channel) may lead to experimental imperfection [21]. However, if one can increase physical
resources to include maximally entangled photon states, the cNOT gate can be applied with
a probability of 1/4. To take this step further, weak cross-Kerr nonlinearities can be used to
realize a cNOT gate almost deterministically, which requires fewer physical resources than
other linear optical schemes [22].
In conclusion, we have introduced an optical setup which consists of six cNOT gates and
basic optical elements. The proposed setup provides an efficient creation of a W state of
four photons, reducing the cost of the target W state for previous setups that require W
states as resources. From the experimental perspective, since the process is done by one-
and two-qubit gates, and no larger-scale gates are needed, we emphasize the importance of
cNOT implementations. The cNOT s can be efficiently demonstrated with current photonics
technology using the different methods mentioned earlier. The described optical tools are
common in laboratories.
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Figure Captions
FIG. 1. We divide the entire transformation of the V gate into three steps, which are
the first two PBSs, the cNOT gate and the combined action of the last PBS and PC.
To express the transformation of each step, we define creation operators corresponding to
specific spatial mode and polarization state.
FIG. 2. Four photons are sent into the circuit, two of which are H-polarized, while the other
two are V -polarized. The circuit consists of two-qubit gates and basic optical elements like
PCs and PBSs. Hadamard gates can be applied using half-wave plates (HWP s) oriented
at 22.5.
FIG. 3. The present scenario can be considered with four parties, Charlie, Dave, Alice and
Bob, each having single photons that are to be sent to the creation setup. At the end, this
results in a four-qubit W state that is a specific type of entangled state.
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Figures
FIG. 1: We divide the entire transformation of the V gate into three steps, which are the first
two PBSs, the cNOT gate and the combined action of the last PBS and PC. To express the
transformation of each step, we define creation operators corresponding to specific spatial mode
and polarization state.
FIG. 2: Four photons are sent into the circuit, two of which are H-polarized, while the other two
are V -polarized. The circuit consists of two-qubit gates and basic optical elements like PCs and
PBSs. Hadamard gates can be applied using half-wave plates (HWP s) oriented at 22.5.
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FIG. 3: The present scenario can be considered with four parties, Charlie, Dave, Alice and Bob,
each having single photons that are to be sent to the creation setup. At the end, this results in a
four-qubit W state that is a specific type of entangled state.
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